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DESCRIPTION OF GALOIS UNIPOTENT EXTENSIONS 


MASOUD ATAEI, JAN MINAC AND NGUYfiN DUY TAN 
Dedicated to Professor Paulo Ribenboim 


Abstract. Given an arbitrary field F, we describe all Galois extensions L/F whose 
Galois groups are isomorphic to the group of upper triangular unipotent 4-by-4 matrices 
with entries in the field of two elements. 


1. Introduction 


Let G be a finite group, and let f be an arbitrary field. A fundamental problem in 
Galois theory is to describe all Galois extensions L/F whose Galois groups are isomor¬ 
phic to group G. It is desirable to describe such families of extensions using invariants 
oi L/F which depend only on the base field F. If G is abelian then this is possible by 
the theories of Kummer and Artin-Schreier's extension, and classical work of A. Allbert 
and D. J. Saltman. Moreover this description is elegant, simple and useful. It is known 
that there are some other very interesting and useful explicit constructions of Galois ex¬ 
tensions L/F with prescribed Galois group G. See for example, |^, | [JLY| Chapters 5-6], 
IlLel Chapters 2,5-7], UMal , [MNgl, IMZl , HS^ . However the simplicity and generality of 


the descriptions of Kummer and Artin-Schreier's extension seem to be unmatched. 

Recall that for each natural number n, 1U„ (Fp) is the group of upper triangular n x n- 
matrices with entries in Fp and diagonal entries 1. In a recent development of Massey 
products in Galois cohomology, it was recognized that Galois extensions L/F with 
Gal(L/f) ~ lUn(Fp) play a very special role in Galois theory of p-exfensions. (See [Eil, 
HEm . mm . P^, IGLMSI , Mm [MTH 1MT41 [MTSI .I Moreover the works above 


reveal some surprising depth and simplicity of analysis of these extensions. The main 
purpose of our paper is to describe all Galois extensions L /F with Gal(L/f) ~ 1U4(F2) 
over any given field f. Our main resulfs are Theorem 12.81 and Theorem 14.71 We also 
show fhaf a similar description is valid for Galois exfensions with Galois group isomor¬ 
phic to U 3 (F 2 ) over an arbitrary field. (Note that 1U3(F2) is isomorphic to the dihedral 
group of order 8.) 

Beside of their intrinsic value, these simple descriptions of Galois extensions L/F with 
Gal(L/f) ~ 1U4(F2) are expected to play a significant role in an induction approach to 
the construction of Galois extensions L/F with Gal(L/f) ~ lUn(F 2 ) for n > 2, and 
for a possible proof of the Vanishing n-Massey Conjecture for absolute Galois groups 


JM is partially supported by the Natural Sciences and Engineering Research Council of Canada 
(NSERC) grant R0370A01. NDT is partially supported by the National Eoundation for Science and Tech¬ 
nology Developmenf (NAEOSTED) granf 101.04-2014.34. 
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of fields. (See PMTlllMT^ .l Also this description should be useful for establishing the 
Kernel n-Unipotent Conjecture tor absolute Galois groups of fields and p = 2. This 
would be a very interesting extension of the work of |MSp |, [ fVil . (See also PEM| . pMT2| .l 
Indeed a natural program tor solving the Vanishing n-Massey Conjecture for absolute 
Galois groups of fields uses Theorem 2.4 in |Dwyl. This theorem reduces the problem 
to solving a certain Galois embedding problem induced from the central extension 


1 —> Fp —lU„_|_i(Fp) —lU„+i(Fp) —1, 

where U„_|_i(Fp) is the quotient of U„_|_i(Fp) by its center. The most interesting and 
difficult task is in fact to find a construction of Galois extensions L/F with Gal(L/f) ~ 
lLJ„+i(Fp) that solve the embedding problem. Because lU„_|_i(Fp) contains copies of 
FJn(Fp), one can consider to use induction on n. This program was realized in iMT5| 
in the case n = 3. Here the knowledge of the explicit construction of Galois extensions 
with Galois group U 3 (Fp) was crucial. A successful implementation of this program 
also in the case n = 4 may reveal the induction procedure which is valid in general. 
Therefore the knowledge of Galois extensions L/F with Gal(L/f) ~ 1U4(F2) seems to 
be important for the implementation of this program. 

Further possible applications of this work can be related to an extension of the study 
of Redei symbols and also the study of 2-Hilbert towers. (See ||3, PMcLl .) 

Next we shall briefly describe the content of our paper. In Section 2 we provide a 
description of Galois extensions with Galois group isomorphic to 1U4(F2) over a given 
field of characteristic not 2. We then use this description to count the number of Galois 
extensions with Galois group isomorphic to U 4 (F 2 ) over a field which is a finite exten¬ 
sion of Q 2 . In Section 3 we provide a description of Galois dihedral extensions of order 8 
over a given field of characteristic not 2. In Section 4 we provide a description of Galois 
extensions with Galois group isomorphic to U 4 (F 2 ) over a given field of characteristic 
2. We then use this description to count the number of Galois extensions with Galois 
group isomorphic to U 4 (F 2 ) over a field F with f / p{F) finite, where p{X) = — X is 

the Artin-Schreier polynomial. (Here F/p{F) is the quotient group of f by its subgroup 
p{F) of all values of p.) Finally in Section 5 we illustrate our results by an example 
with base field Q 2 . Here we provide a list of all unipotent Galois extensions L/Q 2 with 
Galois groups isomorphic to 1LJ„(F2) for n >2. This completes the work of Naito (IlNall 
who listed all dihedral extensions of order 8 over Q 2 . 

Acknowledgements: We are grateful to I. Ffrat, S. Gille, M. Hopkins, F. Matzri, S. 
Sorkhou, A. Topaz and K. Wickelgren for interesting discussions concerning previous 
work on Massey products in Galois cohomology which was among the inspiration for 
this work although it is strictly speaking logically independent from these considera¬ 
tions. We are grateful to anonymous referees for their careful reading of our paper and 
for providing us with insightful comments and valuable suggestions which we used to 
improve our exposition. 
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Notation: For any field F of characteristic not 2 and for any element a ^ F, we de¬ 
note [a]p the image of a in F^ / (F^ )^. For V an F 2 -subspace of F^ /(F^ )^, we define 
F{\/V) = F(^: [z;]f G V). For a,b in F, (a,b)f or simply (a,b) is the correspond¬ 
ing quaternion algebra. (See BLaml Chapter 3].) We write (a,b) = 0 if this algebra is 
isomorphic to the matrix algebra of 2 x 2-matrices over F. 

For any field F of characteristic 2 and for any element G F, we denote [a] p the image 
of in F/ p{F). 

For a finite field extension E/F, we use Nmp/p and Trg/f to denote the norm and 
trace maps respectively If E/F is Galois with Galois group isomorphic to a finite group 
G, we say that E /F is a G-extension. 

For 1 < i,j < n, let gjy denote the n-hy-n matrix with the 1 of Fp in the position {i,j) 
and 0 elsewhere, and let Ejy = 1 + ejj. 

We denote Dg the dihedral group of order 8. 

Convention: For a given base field F, all extensions over F considered in this paper 
are inside a chosen separable closure of F. 

2. Description of Galois iU4(F2)-extensions: The case of characteristic 

NOT 2 

Let F be a field of characteristic different from 2. 

Definition 2.1. A pair {[b]p,V), where & is in F^ and V C F^ / (F^)^, is admissible it 
dim]F 2 (l^) = 2, dim]F 2 ((W [b]p)) = 3 and {b,v) = 0 tor every [z;]f G V. 

Lemma 2.2. Assume that {[b]p,V) is admissible. Let E = F{\/V). Fhen there exists ^ G E 
such that [Nmg/f (^)]f = [b]p. 

Proof. We have V = {[a]p, [c]f) for some fl,c G F^. Then {a,b) = {b,c) = 0. By PMTll 
Section 5], there exists ^ G E such that Nmp/p{S) = bd^ for some d ^ F^. □ 

Definition 2.3. Assume that {[b]p,V) is admissible. Let E = F{\/V). Then a triple 
{[b]p, V,W), where W is a free F 2 [Gal(E/F)]-submodule of E^ /(E^ )^, is admissible if W 
is generated by an element with [Nm^/p(^)]f = [b]p. 

Lemma 2.4. Let K be a field of characteristic p > 0. Let G be a finite p-group. Then every 
non-zero left ideal in the group ring K[G] contains the element 

Proof. Let I be any non-zero left ideal in i^[G]. Then I contains a minimal non-zero 
left ideal /. As a i<C[G]-module, / is simple. We know that over i<C[G] there is up to 
isomorphism only one simple module, which is K with trivial action. Let n be any 
element in J which generates / as a tC[G]-module. Then n is fixed under all elements of 
G. Hence n = a YlaeG G tor some a ^ K^. This implies that J^g-eG c is in /. □ 

Lemma 2.5. Let {[b]p,V,W) be an admissible triple. Assume that V = [c]f). Let 

E = F{\/V). Assume that W is generated by [^]£ as a free W 2 [Ga\{E/F)]-module with 
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= [b]F. Let A = Nm£/£(^)(^) and C = Nm£/£(^)(^). Then every gen¬ 
erator ofW as a free ]F 2 [Ga\(E / F)]-module is of the form 

[S']e = 

where eA,ecr^b ^ { 0 / 1 }- 

Furthermore for any generator [d']EofW as afreeF 2 [Gai{E / F)]-module, wehave [Nm£/p(y)]f 
[b]E. In particular, this implies that the pair {V,W) uniquely determines [&]f. 

Proof Let G = Gal(E/F). As an F 2 -vector space, W is generated by [d]E, [A]e, [C]e, [&]e- 
Let be an arbitrary generator of the free F 2 [G]-module. Then 

[S']e = 

for some es,£A,ec>^b ^ {0/1}- Suppose that = 0, then we see that (EcreG ^)([^l£) 
trivial in£^/((£^)^),a contradiction. Hence = 1. Furthermore, we have 

[NmE/f (y)]f = [b]E- 

This implies that [b] f is uniquely determined by V and W. 

Conversely, assume that for some CAi^Ci^h ^ {0/1}- Let W' be 

the F 2 [G]-module generated by Then we have W C W. It is then enough to show 
that ]N' is a free F 2 [G]-module. Suppose that W' would not be free. Then there would 
exist a non-zero ideal 1 C F 2 [G] such that 1 would armihilate 3'. By Lemma IZ4l any non¬ 
zero ideal of F 2 [G] contains the element 'ifo-eG ^ LI- Therefore N would armihilate 
This contradicts the fact that 

N{[S']e)] = [NmE/f(y)]E = [b]E ^ 1 G £V(£^)2. □ 

Proposition 2.6. Eet {[b]F,V,W) be an admissible triple. Eet E = F{y/V). Eet E = E{\IW). 
Then E/F is a Galois 2 )-extension. 

Proof. Suppose that V = {[a]F, [c]f) and that W is generated by 3 with NmE/f = bd^. 

Let A = NmE/E(.y^)(^) and G = We first note that F{\fa, Vb, \/c)/F is 

an abelian 2-elementary extension whose Galois group is generated by Ga, V},, cy, where 

o-a{Va) = -\La,o-a{Vb) = Vb,o-a{\/c) = Vc; 

(TbiVa) = \Ia,ai,{Vb) = - Vb,ai,{\Lc) = \fc) 

o'dVa) = Va,(rc{Vb) = Vb,o-c{y/c) = -^fc. 


add) = 3 A3 
(Ta{3) = 3C3 


-2 


-2 


Gfl(A) 

Gc(C) 


= A 


= C 


bd^ 

A2' 

bd^ 


Clearly we have 
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and 

C _ CTaiS) S 

A S (TciS)' 

Then ||MT3i Section 3] implies that L/F is a Galois U4(F2)-extension. Moreover an 
explicit isomorphism |0: Gal(L/F) —> U4(F2) is given by 

Cfl I—)■ Ei2, O'!, HA E23, O'c HA E34, 

for suitable extensions o'c G Gal(E/E) of (Ta, ^c- D 

Proposition 2.7. There is a natural way to associate an admissible triple {[b]p, V,W) to any 
given Galois 2)-extension L/F. 

Proof. Assume that E/F is a Galois U4(F2)-extension. Let p: Gal(E/F) —> U4(F2) be 
any isomorphism. Set Ui = |0“^(Ei2), 02 = p~^(E23), and 03 = |0“^(E34). Then the 
commutator subgroup 0 = [Gal(E/F),Gal(E/F)] is the internal direct sum 

O = {[(ri,a 2 ]) © ([c 2 ,(T 3 ]) © ([[ci,0-2],(7-3]) ~ {X/TZf. 

Let M be the fixed field of O. Then M/F is an abelian 2-elemenfary extension of F, 
and Gal(M/F) is the internal direct sum 

Gal(M/F) = (ciIm) © (c2|m) © (gsIm) — (Z/ 2Z)^. 

Let [a]p, [bjp, [c]f be elements in F^ /(F^)^ which is dual to |M/C21M/C31 m respectively 
via Kummer theory. Explicitly we require that 

o'liVa) = —\fa,(j\{\fb) = \/b,a\{ 3 fc) = \fc) 

o'liVa) = \fa,cT2{\fb) = -Vb,a2{Vc) = \fc) 

c^siVa) = y/a,o- 3 {Vb) = Vb,o-3{3/c) = -y/c. 

Let E = F{^/a,^/c). Then E is fixed under 02, [ci,02], [<12,(13] and [[o'\,o'2\,<J'3]- Hence 
E is fixed under a subgroup H of Gal(L/F) which is generafed by 02, [o'\,(J2\, [(72,03] 
and [[(7 'i,( 72],(73]. We have [E^ : F] = |Gal(E/F)|/|Ef| = 4, and [E : F] = 4. Therefore 
E = E^. 

Claim: E does nof depend on the choice of p. 

Proof of Claim: Suppose thaf p': Gal(E/F) —)■ U4(F2) is another isomorphism. We define 
(j[ = p' {E12), <12 = p' (E23), and Ug = p' (E34). Lef El' be the group generated by 
(72, [(7'j,(7'2], [(T"^, (T'gj and [[(7'j,(7'2],(7‘3]. We need to show that H = H'. We first note that (72 
and (72 commute with every element in O. 

Glearly(72|MisinGal(M/F) = ((74 j^) © ((72 |m) © (c^sIm)- 

Hence modulo the subgroup O, is equal to one of the following elemenfs Vi, (72, (73, 

(71(72,(71(73,(72(73, (74(72(73. 

If (72 = (7i, or (7 i( 72, or (74(73, or (74(72(73 modulo O, then 

[[(^2, (^3]/(^2] = [[0'2W3]/(^l]/ 
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which is impossible since [[ 02 , is nontrivial but [[ 02 , G 3 ], is trivial. 

If (72 = ( 73 , or ( 72(73 modulo O, then 

[kl/G-2],(7^] = [[(71,(72], ( 73 ], 

which is impossible since [[( 73 ,( 72 ], ( 73 ] is nontrivial but [[( 73 ,( 72 ], ( 7 ^] is trivial. 

From the above discussion we see that (t^ = (J 2 mod O. This implies that H' = H. 
Thus E does not depend on the choice of p. 

We have an exact sequence 

1 ^ Gal(L/E) ^ Gal(L/f) ^ Gal(E/f) = G ^ 1. 

Then Gal(E/E) is an F 2 [G]-module where the action is by conjugation. We also have 
the G-equivariant Kummer pairing f pWa2l Section 1]) 

E n 

^g ^2 X Gal(E/E) ^ F 2 . 

As an F2-vector space, Gal(E/E) hasabasis consisting of (72, [(73,(72], [(72,(73] and [[(73,(72], (73]. 
Let [^]£ be an element dual to [[(73,(72],(73]. Then Nm^/f (ci) = b mod (E^)^. Hence 
Nm^/f (ci) is in b{F^ U ba{F^ U bc{F^ U bac{F^ )^. 

Let A = and G = Suppose that Nmp/f(b) = ba 

mod (E^)^. ThenNmjr(y^)/p(A) = baf^ for some/G f^. From (73 (A)/A = ba(f/A)^, 
we see that 

cri(V A) = {±)V~AVMf / A. 

Hence 

= {±)cri{VA)cri{VM){f/cri{A)) 

= {±)^VA\/M{f / A)\/b{-Va){f /o-i{A)) 

= —y/~A. 

This implies that (73 is not of order 2, a contradiction. Hence Nm£/p{S) is not in ba{F^ )^. 
Similarly we can show that Nmp/p{S) is not in bc(F^ U ba{F^ )^. Therefore 

Nm£;/ 3 r(^) = b mod (F^)^. 

We set V = {[a]p, [c]f ). Then V does not depend on the choice of p. Since 

Nmf(^)/f(A) = Nmp/p{S) = b mod {F^f, 

we have {a,b) = 0. Similarly, we have {b,c) = 0. Therefore (b,v) = 0 for every v ^ V, 
and the pair {[b]p, V) is admissible. Let W be the F 2 [G]-submodule of E^ /(E^ which 
is dual via Kummer theory to Gal(E/E). Then W does not depend on the choice of 
p, and W is free and generated by S. Since [Nm^/f (<5)]^ = [b]p, we see that the triple 
{[b]p, H, W) is admissible. Since V and W determine [b]p uniquely, we see that [b]p does 
not depend on the choice of p. □ 
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Theorem 2.8. Let F be afield of characteristic not 2. There is a natural one-to-one correspon¬ 
dence between the set of admissible triples {[b]p, V, W) and the set of Galois tU 4 ^{W 2 )-extensions 
L/F. 

Proof By Proposition |2^ we have a map p from the set of admissible triples {[b]p, V,W) 
to the set of Galois lU 4 (F 2 )-exfensions L/F. By Proposition 12.71 we have a map p from 
the set of Galois lU 4 (F 2 )-extensions L/F fo the set of admissible triple {[b]p, V,W). We 
show that p and p are the inverses of each other. 

Let {[b]p, V,W) be an admissible triple. Via the map p we obtain a lU 4 (F 2 )-extension 
L/F. Explicitly, if V = {[ci]p,[c]p) and E = F{^\Ja,^/c), then L = E{pJ^') and there 
is an isomorphism p: Gal(L/F) ~ U 4 (F 2 ) such that | 0 “^(£i 2 ) = o'a, p~^(E 23 ) = Cb, 
P~^(E 34 ) = cTc. (Here Ca, db, (Jc are defined as in Proposition 12.61 ) We apply the construc¬ 
tion in Proposition 12.71 with this isomorphism p. Then we obtain back the admissible 
triple {[b]p, V,W). 

Now let L/F be a U 4 (F 2 )-extension. Then via the map p we obtain an admissible 
triple {[b]p,V,W). Since L = F{VV){W), we see that p sends the triple {[b]p,V,W) 
back to the extension L/F. □ 

We apply the theorem above to count the number of Galois lU 4 (F 2 )-exfensions over a 
2-adic field. 


Lemma 2.9. Assume that F is a finite extension of Q 2 of degree n. Eet q be the highest power 
of 2 such that F contains a primitive q-th root of unity. Then the number N of admissible pairs 
{[b]p,V) is 


( 4(2”+2 - 1) (2” - 1) (2”-i - 1) 

I 4(2”+i - 1)(2”^- 1)2 

^ 3 


if q 2, 
ifq = 2. 


Proof. Lef N' be fhe number of {[a]p, [b]p, [c]f) such fhaf {a,b) = {b,c) = 0 and that 
dimjp^{[a]p,[b]p,[c]p) = 3. Then N = NV6. This is because for each given V such 
that {[b]p,V) is admissible, there are precisely 6 choices of choosing {[‘j]p,[c]p) with 
V = {[a]p, [c]f). On the other hand, by iMT2I Lemma 3.6 and Proposition 3.4], we have 


N' 


(2”+2-1)(2”+1-2)(2”+i-4) iiq^2, 

(2„+i_^)(2n+l_2)(2«+2_4) if^^ = 2. 


The result then follows. 


□ 


Lemma 2.10. Assume that F is a finite extension 0 /Q 2 of degree n. Eet us fix an admissible 
pair {[b]p, V). Then the number of admissible triples {[b]p, V,W) is 2^”“^. 

Proof. Lef £ = F{\/V). By local class field theory we have an isomorphism 

px 


NmE/f(£x) 


Gal(£/F) = G. 
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px 

Since G is of exponent 2, we see that —- , is also of exponent 2. Hence 

NmE/f(Ex) 

Since | G | =4, we have 


px 


- px 

NmE/piF'^y 

NmE/f(Ex) 


[(f-f 

(fx)2 J 


By IINeul Chapter II, §5, Corollary 5.8], one has |F^ /(f ^ = 2”+^. Hence 


NmE/F(£'') 


px 

(Fx)2 


(Fx)2 


/4 = 2" 


f"" ^ . /.r N NmE/flE' 

. Then im(Nm) = ' ^ 


Consider the homomorphism Nm: 

(E^)^ (f ) ) 

By IINeul Chapter II, §5, Corollary 5.8], one has |E^ /(E^ )^| = 2^”+^. Hence we have 


kerNml = 


(E> 


/|im(Nm)| = = 2^^+^. 


Hence 

|{[(5]e: [NmE/f((5)]F = = |kerNm| = 2^”+^. 

Therefore by Lemma l2.5l the number of W such that {[b]p, H, W) is admissible, is 2^”"'“^/8 

23n-l_ □ 


We recover the following result, which was also obtained in iMT2i Theorem 3.8]. 


Corollary 2.11. Assume that F is a finite extension of Q 2 of degree n. Let q be the highest 
power of 2 such that F contains a primitive q-th root of unity. Then the number of Galois 
\J 4 ^(F 2 )-extensions ofF is 


(2«+2 - 1)2 


n—1 


)3n+l 


(2„+i ^^^2" - 1)^2 


293 W +1 


if q 2, 
ifq = 2. 


Proof This follows from Theorem 12.81 Lemma |Z9| and Lemma [2.101 


□ 


3. Description of Galois Ds-extensions 

3.1. The case of characteristic not 2. Let f be a field of characteristic not 2. 

Definition 3.1. An unordered pair {[t’jf, [^ijf}, where a and b are in E^, is admissible if 
(b,a) = 0 and dimF 2 (([fl]F/ [&]f)) = 2. 
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Lemma 3.2. Assume that {[b]p, [a]p} is admissible. Let E = F(^a, Vb). Then there exists 
5\ G F{^/a) such that 

= [&]f. 

Furthermore for any such 5\, there exists 62 in F(Vb) such that [dfE = [SiIe 

[N”^F(v/b)/F(^2)]F = Mf- 

Proof. As {a, b) = 0 there exists Si G F{\/a) ( IISe2l Chapter XIV, Proposition 4]) such that 

= [bjp. 

Now let S be any element in f (-^a) such that ((5)]f = [b]p. We write S = 

X + y^fa, where x,y G . Then = y'^a + bdf, for some d ^ F^. Hence 

(x + y^/a + dVb)^ = 2(x + y^/a){x + dVb). 

Set (^2 = 2{x + dVb) G F{Vb). Then [Si\e = [S 2 \e and [Nm^^^^/^(^ 2 )]F = [4(x2- 
bd^)]p = [Fy^a]p = [a]p. □ 

The above lemma shows that the following definition is well-defined. 

Definition 3.3. LetP = {[b]p, [a] f} be an admissible unordered pair. LetE = F{^/a, \/b). 

A one dimensional F 2 -subspace W of E^ /(E^ is said fo be compatible with F if W is 
generafed by a ^ G F{^Ja) with (^)]f = [b]p. In this case we say that (F, W) 

is admissible. 


The construction of Galois Dg-exfension over fields of characteristic not 2 is known. 
See for example | [JLY| Theorem 2.2.7]. Here we make a description of all Galois Dg- 
extensions over a given field, which is similar to the description of Galois U 4 (F 2 ) ex¬ 
tensions in Theorem 12.81 


Theorem 3.4. Let F be afield of characteristic not 2. There is a natural one-to-one correspon¬ 
dence between the set of admissible pairs [b]p}, W) and the set of Galois D^-extensions 

L/F. 

Proof. Let {{[b]p,[a]p},W) be admissible. Let E = F{^a,\/b). Let E = E(-\/W). Then 
E/F is a Galois Dg-extension. (See for example IMT31 Subsection 2.2].) 

Now let E/F be a Galois Dg-extension. We identify Dg with 1U3(F2). Let p: Gal(E/F) - 
1U3(F2) be any isomorphism. Set di = | 0 “^(Ei 2 ), and 02 = p~^(E 23 ). Then the commu¬ 
tator subgroup O = [Gal(E/F),Gal(E/F)] is ([gi,(72]). 

Let M be the fixed field of O. Then M/F is the an 2-elementary abelian extension of 
F, and Gal(M/F) is the internal direct sum 

Gal(M/F) = (giIm) © (g2|m) - (Z/2Zf. 
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Let [a]p, [b]phe elements in f ^ / (f ^ which is dual to Gi |m/ G2|m respectively via Kum- 
mer theory. Explicitly we require that 

cri(V«) = = Vb; 

o'liVa) = \^,(r2{Vb) = -Vb. 

Claim: {[b]p, [a]p} does not depend on the choice of p. 

Proof of Claim: Suppose that p' : Gal(L/f) — )• U4(F2) is another isomorphism. We define 
( 7 [ = p' (Ei2),and(r2 = p' (E23). We need to show that {(ri|M/G2|M} = {G’j 
We first note that 0 is the center of Gal(E/E). 

Because u^Im is in Gal(M/E) = (cri| m) © (g2|m)/ we have that modulo the subgroup 
<t>, (72 is equal to one of the following elements cr^, (72, or (7^(72. 

If (72 = (7 i( 72 modulo O, then = ((7i(72)^ 7^ 1 , a contradiction. Similarly a[ cannot 
be (7 i( 72 modulo O. 

Case 1 : (7^ = (7^ modulo O. In this case (r[ cannot be cr^ modulo O. Otherwise it would 
lead to a contradiction that 1 7^ [(7j, afj = [cr\,cri\ = 1 . Hence cr[ = (72 modulo O. 

Case 2 : ( 7 ^ = (72 modulo O. In this case ( 7 ^ cannot be (72 modulo O. Otherwise it would 
lead to a contradiction that 1 [cr[, a'f = [( 72 , (72] = 1 . Hence cr[ = di modulo O. 

In both cases we have {o|m/C^2|m} = {c^iIm/C^2Im}/ as desired. 


We have an exact sequence 


1 ^ Gal(E/E(v/fl)) ^ Gal(E/E) ^ Gal(E(v/fl)/E) ^ 1 . 

Then Gal(E/E(^fl) is an F2[Gal(E(^fl)/E)]-module where the action is by conjugation. 
We also have the Gal(E(-v/fl)/f )-equivariant Kummer pairing 

E(yfl)n(Ex^2 


(E(v/a) 


X Gal(E/E(yfl)) ^ F2. 


As an F2-vector space, Gal(E/E(-v/fl)) has a basis consisting of ( 72 , [(71,(72]. Let ^ be the 
element dual to [(^1,(72]. Then Nmjr('y^)/ir(^) = & mod Hence Nmp(^^yp{S) 

is in b{F^ Y ba(F^ )^. 

Suppose that Nmjr('y^)/ir(^) = baf^, for some f ^ F^. From o'i{b)/b = ba{f/b)^, we 
see that 

cri{V5) = {±)V5VMf /S. 

Hence 

ai{Vb) = {±)o-i{Vb)o-i{VM){f /o-i{b)) 

= {±)'^VbVM{f / b)Vb{—\^){f / o-i{b)) 

= -Vb. 


This implies that di is not of order 2 , a contradiction. Hence we have [Nmg/f (^)]f = 
[b]p. Let Wbe the one dimensional F2-subspace of /(M^ generated by [^]m- Then 
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W is compatible with {[a]p, Also since L = we see that W does not 

depend on the choice of | 0 . □ 

Lemma 3.5. Assume that F is a finite extension of Q 2 of degree n. Let q he the highest power of! 
such that F contains a primitive q-th root of unity. Fhen the number N of admissible unordered 
pairs {[a]p, [bjp} is 

'( 2 «+ 2 _i)( 2 «- 1 ) ifq^2, 

( 2 „+i _ ^^2 ^ 2. 

Proof Let N' be the number of ( [a]p, [b]p) such that (a, b) = 0 and that dimjp^ ( [a]p, [b]p) = 
2. Then N = N'/2. On the other hand, by IMT2i Remark 3.9], we have 


N' = 


( 2 "+ 2 _ 1 )( 2 ”+ 1 - 2 ) iiq^2, 
2 ( 2 «+ i _^)2 if ^^ = 2 . 


The result then follows. 


□ 


Lemma 3.6. Assume that F is a finite extension 0 /Q 2 . Let us fix an unordered admissible pair 
{[a]p, [b]p}. Then the number of admissible pairs {{[u\p, [b]p},W) is 2”. 

Proof By local class field theory we have an isomorphism 

px 


Since G is of exponent 2, we see that 


~ Ga\{F{^/a)/F) = Z/2Z. 

px 




is also of exponent 2. Hence 




Since | G | =2, we have 
2 = 


px 


fx 


(\A) / F ( ^ ( ^ ) 


(Fx)2 

(fx)2 J 


By UNeui Chapter II, §5, Corollary 5.8], one has |f ^ /(f ^ = 2”+^. Hence 

/2 = 2”+i 




(f 


xl2 


(f 


xl2 


Consider the homomorphism Nm: 


F(^a) 


fx ^ ^ NmE,r(E> 

(F(V^P )2 ^ WP- Then.m(Nm) = — 

By BNeul Chapter II, §5, Corollary 5.8], one has \F{^/a)^/{F{^ya)^)^\ = 2^”+^. Hence 
we have 

F(^y 


kerNml = 


(HV^: 


xl2 


/|im(Nm)| = 22”+2/2”+i = 2 


1M + 1 
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Hence 

\{[^]fW 1 ) - = [b]F}\ = |kerNm| = 2^+\ 

Therefore the number of W such that {{[b]F, [^]f}/W) is admissible, is 


2”. □ 


We recover the following result, which was also obtained in 
also |MNg Theorem 11], iMT3i Remark 3.9]). 


Theorem 2.2] (see 


Corollary 3.7. Assume that F is a finite extension 0 /Q 2 of degree n. Let q be the highest power 
of 2 such that F contains a primitive q-th root of unity. Fhen the number of Galois Dg-extensions 
ofF is 

f2"(2”+2-l)(2”-l) ifq^ 2 , 

|2"(2”+1-1)2 ifq = 2. 


Proof This follows from Theorem 13.41 Lemma |33] and Lemma |3^ 


□ 


3.2. The case of characteristic 2. Let f be a field of characteristic 2. 


Definition 3.8. An unordered pair {[t’jf, }, where a and b are in f ^ is admissible if 

dim]F2((Mf, [&]f)) = 2. 

Lemma 3.9. Assume that {[I’jF /is admissible. Let E = F{da,0h)- Then there exists 
5\ G F{Qa) such that 

[^^F{ea)/F{^l)]F = [b]F- 

Furthermore for any such 5\, there exists 61 in F{ 6 i,) such that [SiIe = [^ 2 ]£ 

[Trf(ej,)/f(c^2)]F = Mr- 

Proof . As the trace map is surjective, there exists G F{ 6 a) such that 

M^F{ea)/F{bl)]F = Mf- 

Now let be any element in F{ 6 a) such that [Tr^i-g^^/f = [&]f. We write 5i = 

Y + yOa, where x,y ^ F. Then y = b + p{d), for some d ^ F. We have 

5\ P X P ad\) P ab P ad^ = x P (b P p(d))0(j P x P adg P ab P a^ 

= \bda P P ab] P [p[d) 6 a P ad^] 

= [{eaegf-daeg]p[{ddaM-dea]. 

Set ^2 = xPaOl, PabPad^ G F( 6 i,). Then [^ijf = [^ 2 ]£ and ((52 )]f = Mf- D 

The above lemma shows that the following definition is well-defined. 

Definition 3.10. Let P = {[b]F, Mf} be an admissible unordered pair. Let E = F{ 6 a, 6 b)- 
A one dimensional F 2 -subspace W of £/ p{E) is said to be compatible with P it W is 
generated by a ^ G F{ 6 a) with = [&]f. In this case we say that {P,W) is 

admissible. 
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Lemma 3.11. Let{[a]p, [b]p} be an admissible unordered pair Let E = E{6a,0b)- Let5 G L{Qa) 
with [TYp(^Q^yp{d)]p = [b]p. Then E(6s)/F is a Galois D^-extension. 

Proof. The extension E/f is Galois with Galois group generated by o'a,o'b, where aa and 
ajj are defined by the conditions: 

= da~\~ = 9b, 

(Tbida) = 9a,(rb{9b) =9b + l, 


Since Trp(^g^yp{5) = b + p{d) for some d ^ F, we have 

= 5 F b F p{d). 


Glearly we have 

ab{d) = 5. 

Then iMT3l Proof of Proposition 4.1] shows that L = Eidg)/F is Galois and its Galois 
group is isomorphic to Dg. Furthermore, we can choose an extension, still denoted era in 
Gal(L/f), of CTa such that cra{9s) = 6s F 6b F d. □ 


Theorem 3.12. Eet F be afield of characteristic 2. There is a natural one-to-one correspondence 
between the set of admissible pairs {{[a]p, [b]p},W) and the set of Galois Dg extensions E/F. 

Proof. Let {{[b]p,[a]p},W) be admissible. Let E = F[^\Ja,\fb)). Let E = E{y/W). Then 
L/f is a Galois Dg-extension. (See iMT3l Subsection 4.2].) 

Now let E/F he a Galois Dg-extension. We identify Dg with 1U3(F2). Let p: Gal(L/F) - 
1U3(F2) be any isomorphism. Set Ui = | 0 “^(Ei 2 ), and 02 = p~^{E 23 ). Then the commu¬ 
tator subgroup <1> = [Gal(L/f),Gal(L/f)] is {[cr\,cr 2 \). 

Let M be the fixed field of O. Then M/f is the an 2-elementary abelian extension of 
F, and Gal(M/f) is the internal direct sum 

Gal(M/f) = (uiIm) © (c2|m) ^ (Z/2Zf. 

Let [a]p, [b]p be elements in f / p{F)^ which is dual to |m/ PzIm respectively via Artin- 
Schreier theory. Explicitly we require that 

= 6aF l,cri{9b) = 6b', 

0'2{6a) = 6a,cr2{9b) = -9b. 

Claim: { [b]p, [fljp} does not depend on the choice of p. 

Proof of Claim: Suppose that , 0 ': Gal(L/f) —> U 4 (F 2 ) is another isomorphism. We define 

a[ = p' (Ei 2 ),and(r 2 = p' (Eis)- We need fo show that {(ri|M/C 2 |M} = W\\m>^ 2 \m}- 

We first note that O is the center of Gal(L/f). 

Because is in Gal(M/f) = (cti|m) © (PzIm)/ we have that modulo the subgroup 
O, (72 is equal to one of the following elements di, (T 2 , or (T\(I 2 . 

If (72 = (J\(J 2 modulo O, then (j '2 = {didiY 7 ^ 1/ a contradiction. Similarly a[ carmot 
be (7 i( 72 modulo O. 
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Case 1: = Ci modulo O. In this case cr[ cannot be di modulo O. Otherwise it would 

lead to a contradiction that 1 7 ^ [uj, = [O / o] = 1- Hence cr[ = 02 modulo O. 

Case 2: = cr 2 modulo O. In this case (r[ cannot be 02 modulo O. Otherwise it would 

lead to a contradiction that 1 ^ [cr[, = [cr 2 , ( 72 ] = 1. Hence cr[ = cr\ modulo O. 

In both cases we have {o|m/G2|m} = as desired. 


We have an exact sequence 


1 ^ Gal(L/f(0fl)) ^ Gal(L/f) ^ Gal(f(0a)/f) ^ 1. 


Then Gal{L/F{6a) is an F 2 [Gal(f (0fl)/f)]-module where the action is by conjugation. 
We also have the Gal(f (0^) /f )-equivariant Artin-Schreier pairing 

As an F2-vector space Gal{L /F{6a)) has a basis consisting of 02, [O/fA]. Let S be the 
element dual to [^1,02]. ThenTrp(^g^yp{S) = b mod {p{F{6a)). Hence Nmp(0^)/p(^) is in 
b + p{P) U & + fl + p{F). 

Suppose that Frp(^Q^'j/p{b) = b + a + p{f), for some f ^ F. Then (ri(^) = b + b + a + 
p{f). Thus 

= 6s 6b 6a f i, 

for some i G { 0 , !}• Hence 

= o'i{6s) + + f + i 

= 0j + 0f, + 0 + fl + y + Ws + +1 + + i 


= 6 s + l. 


This implies that Ui is not of order 2, a contradiction. Hence we have [Tr£/p(^)]f = [b]p. 
Let W be the one dimensional F 2 -subspace of /(M^ generated by [^]m- Then W 
is compatible with {[a]p, [b]p}. Also since L = M{ 6 w), we see that W does not depend 
on the choice of p. □ 


4. Description of iU4(F2)-extensions: The case of characteristic 2 
Let f be a field of characteristic 2. 


Definition 4.1. Apair V") where & is in f and H C F / p(F) is admissible iidim]p^{V) = 
2 and dim]P 2 ((H, [b]p)) = 3. 

Lemma 4.2. Assume that {[b]p,V) is admissible. Let E = F{p~^{V)). Then there exists 
^ G E such that [Tr£/p{b)]p = [b]p. 

Proof. It is clear since we know that the trace map Frp/p is surjective. □ 

Definition 4.3. Assume that {[b]F,V) is admissible. Let E = F{p~^{V)). Then a triple 
{[b]p, V, W) where W is a free F 2 [Gal(E/E)]-submodule of E/ p(E), is admissible if W is 
generated by an element with [Tr£/f(^)]f = [b]p. 
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Lemma 4.4. Let {[b]p,V,W) be an admissible triple. Assume that V = [c]f). Let 

E = F{p~^(y)). Assume that W is generated by [(5]£ as a free W 2 [Gal{E / F)]-module with 
[Erp/p{d)]p = [b]p. Eet A = and C = Then every generator of W 

as a free ]F 2 [Ga\{E / F)]-module is of the form 

= [^]£ + £a[^]e + ec[C]E + ebME, 

where eA,ec,ei, G {0,1}. 

Furthermore for any generator [d'jpofW as a free T 2 [Gal{E / F)]-module, wehave [Trp/p{d')]p 
[b]p. In particular, this implies that the pair {V,W) uniquely determines [b]p. 

Proof Let G = Gal(E/F). As an F 2 -vector space, W is generated by [S]e, [A]p, [C]e, [&]e. 
Let be an arbitrary generator of the free F 2 [G]-module. Then 

E = [^] E + Ca [^] E + CC [C] E + [^] E/ 

for some eg,eA,ec>^b ^ {0/1}- Suppose that = 0, then we see that (EcT-ec ^)([^1 e) is 
trivial in E/p((E)), a contradiction. Hence = 1. 

Conversely, assume that [S']e = + eA[A]E + ec[G]E + ^bl^E^ for some eA,ec,eb ^ 

{0,1}. Let W' be the F 2 [G]-module generated by [^^]e- Then we have W' C W. It is 
then enough to show that W' is a free F 2 [G]-module. Suppose that W' would not be 
free. Then there would exist a non-zero ideal 1 C F 2 [G] such that 1 would annihilate 
5'. But it is known that any non-zero ideal of F 2 [G] contains the element YlaeG g =: N. 
Therefore N would annihilate [^^]e- This contradicts to the fact that 

N{[d']E)] = [TrE/p{d')]E = [b]E ^ 0 G E/p{E). □ 

Proposition 4.5. Eet {[b]p,V,W) be an admissible triple. Eet E = F{p~^V). Eet E = 
E(p“^W). Then E/F is a Galois \J 4 ^{W 2 )-extension. 


Proof. Suppose that V = {[a]p, [c]f) and that W is generated by S with FrE/p{S) = b + 
p{d), for some d ^ F. Let A = TrE/p(^ 0 ^fd) and G = FEE/pi^ 0 ^^(d). We first note that 
E{6a, Qb> ^c) /f is an abelian 2 -elementary extension whose Galois group is generated by 
Gfl, Vb, Vc, where 

G'aifa) — ^a~E l,(7'a(0j,) = db/ ^a{^c) ~ ^c) 

(TbiOa) = 0a,(rb{0b) = Ob F- l,Gb(0c) = Oci 
(^c(Oa) = 0a,(Tc{9b) = 9b>(^c{0c) = + 1 - 

Clearly we have 

Cc(<5) = 5 A A, 

G'aid) = 5 A C, 
o-a{A) = A + b+ pid), 

(7'(;(C) = C b pd. 

Then iMT3l Proof of Theorem 4.2] shows that E/F is a Galois lU 4 (fp)-extension. More¬ 
over an explicit isomorphism p: Gal(E/f) —> 1 U 4 (F 2 ) is given by 

Gfl i--> Ei 2 , cTb I—t E 23 , cy I--)- E 34 , 
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for suitable extensions Ca, cr\„ dc G Gal(L/f) of da, df,, dc- □ 

Proposition 4.6. There is a natural way to associate an admissible triple {[b]p, V,W) to any 
given Galois \J4(^2)-extension L/F. 

Proof. Let p: Gal(L/f) —)• 1U4(F2) be any isomorphism. Set d\ = |0“^(Ei2)/ d2 = 
|0~^(E23), and 03 = p~^{E^4). Then the commutator subgroup 0 = [Gal(E/E),Gal(E/E)] 
is the internal direct sum 

d) = {[di,d2]) © ([G2,cr3]) © {[[di,d2]rdf\) ~ {X/lXf. 

Let M be the fixed field of O. Then M/E is an abelian 2-elementary extension of F, 
and Gal(M/f) is the internal direct sum 

Gal(M/E) = (giIm) © (g2|m) © (c^sIm) — (Z/ 2Z)^. 

Let [a]p, [b]p, [c]f be elements in f / p(E) which is dual to d\\MrO'2\MrO'3\M respectively 
via Artin-Schreier theory Explicitly we require that 

MOa) = 0a + l,cri(0b) = 0b,(ri(0c) = Oc) 

O'liOa) = 0a,d2{9b) = 9b + l,d2{9c) = 9c} 

0'3{9a) = 9a,do,{9]f) = 9]„d2,(9c) = 9c + l. 

Let E = F{9a,9c). Then E is fixed under d2, [^1,02], [d2,df\ and [[d\,d2\,df\. Hence E 
is fixed under a subgroup H of Gal(L/F) which is generated by d2, [^1,02], [d2,df\ and 
[[di,di\,df\. We have [E^ : E] = |Gal(E/f)|/|Ef| = 4, and [E : f] = 4. Therefore 
E = E^. 

Claim: E does not depend on the choice of p. 

Proof of Claim: Suppose that p' : Gal(E/E) —)■ 1LJ4(F2) is another isomorphism. We define 
d[ = p' (E12), d2 = p' (E23), and (Tg = p' (E34). Let Ef' be the group generated by 
d2, [CirCr'fi' [^2'^3] [[^('^2]'^3]- need to show that H = H'. We first note that d2 

and d2 commute with every element in d>. 

Glearly u^Im is inGal(M/E) = (uiIm) © {o'lW) © (gsIm)- 

Hence modulo the subgroup O, is equal to one of the following elements d\, d2, d^, 

d\d2, d\d3, 02(73, d\d2d3. 

If d2 = d\, or d\d2, or d\d3, or d\d2d3 modulo O, then 

[[t^2W3],(r^] = [[(7-2,c7-3],cri], 

which is impossible since [[d2, (73], ct^i] is nontrivial but [[d2, (73], ct"^] is trivial. 

If d2 = (73, or d2d3 modulo O, then 

[[t^l/t^2]W2] = [[di,d 2 ],d 3 ], 

which is impossible since [[c7‘i,c72],c73] is nontrivial but [[c7‘i,c72],c7'2] is trivial. 

From the above discussion we see that d^ = d2 mod O. This implies that [b]p does not 
depend on the choice of p and that H' = FI. Thus E does not depend on the choice of p 
also. 
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We have an exact sequence 

1 ^ Gal(L/E) ^ Gal(L/f) ^ Gal(E/f) = G ^ 1. 

Then Gal(E/E) is an F 2 [G] module where the action is by conjugation. We also have 
the G-equivariant Artin-Schreier pairing 

X Gal(E/E) ^ F 2 . 

P(E) 

As an F 2 -vector space, Gal(E/E) hasabasis consisting of 02 , [( 71 , 02 ], [ 0 ' 2 , 0 's] and [[o'\, 0 ' 2 \, 0's]. 
Let [(i]£ be an element dual to [[o'i,o' 2 \,o'^]. ThenTr£/p{S) = b mod p{E). Hence TrE/f(^) 
is in (& + p(F)) U{b + a + p{F)) U{b + c + p(f)) U {b + a + c+ p(E)2). 

Let A = Tr£/p('g^)(^) and G = Tr£/p(^g^-^{S). Suppose that Tr^/f (<5) = b + a mod p(E). 
Then Trp(^g^y£{A) = b + a + p{f) for some f ^ F. Hence c7i(A) = A + b + a + p{f). 
Thus 

+ / + E 

for some i G {0,1}. Therefore 

(^a) = C^i(^a) + + O'\{0a) + f + i 

= 0A A 0}) Oa ~F f + i + 01, + + 1 + f A i 

= 6aA1. 

This implies that o'l is not of order 2, a contradiction. Hence we have Nm£/p((5) is not 
inb + a + p(F). 

Similarly we can show that Nm^/f (ci) is not in (& + c + p(F)) U (b + a + p(F). There¬ 
fore 

Tr£/f(^) = b mod p(F). 

We set V = ([(i]f/ [(^]f)- Then V does not depend on the choice of p, and the pair 
([&]f/ V) is admissible. Let Wbe the F 2 [G]-submodule of E/ p(F which is dual via Artin- 
Schreier theory to Gal(E/E). Then W does not depend on the choice of p, and W is 
free and generated by b. Since [Tr£/f((i)]f = [b]p, we see that the triple {[b]p,V,W) 
is admissible. Since [b]p is uniquely determined by {V,W), we see that [b]p does not 
depend on the choice of p. 

□ 

Theorem 4.7. Fet F be afield of characteristic 2. There is a natural one-to-one correspondence 
between the set of admissible triples ([&]f/ y, W) and the set of Galois 114 (F 2 ) extensions F/F. 

Proof By Proposition 14.51 we have a map p from the set of admissible triples {[b]F, V,W) 
to the set of Galois 1U4(F2)-extensions F/F. By Proposition 12.71 we have a map p from 
the set of Galois U 4 (F 2 )-extensions F/F to the set of admissible triples {[b]p,V,W). We 
show that p and p are the inverses of each other. 

Let {[b]p, V,W) be an admissible triple. Via the map p we obtain a lU 4 (F 2 )-extension 
F/F. Explicitly, if V = {[ci]f,[c]p) and E = F{^\Ja,^/c), then E = E(VW) and there 







18 


MASOUD ATAEI, JAN MINAC AND NGUY£N DUY TAN 


is an isomorphism p: Gal(L/f) ~ 1U4(F2) such that p ^(£ 12 ) = (Ta, p ^(£ 23 ) = 
(£ 34 ) = ^c- (Here aa, o'b> are defined as in Proposition 12.61 ') We apply the construc¬ 
tion in Proposition 14.61 with this isomorphism p. Then we obtain back the admissible 
triple {[b]F, V,W). 

Now let £/£ be a U 4 (F 2 )-extension. Then via the map t] we obtain an admissible 
triple {[b]F,V,W). Since £ = F{VV){W), we see that p sends the triple {[b]F,V,W) 
back to the extension £/£ □ 


Lemma 4.8. Assume that dim]F 2 (F/ p(F)) = n < 00 . Then the number N of admissible pairs 


Proof. Recall that the Gaussian binomial coefficients are defined by 


- 1 ) 


0 


if r < n 
if r > n. 


Every admissible pairs H) can be obtained as follows. First, we choose a three 
dimensional F 2 -subspace R' of £/ p{F). The number of choices of such V' is ( 3 ) 2 - Then 
we choose a two dimensional F 2 -subspace V of V'. The number of choices of such V 
is ( 2 ) 2 - Finally, we choose a vector [b]F in V' \ V. The number of choices of such b is 
8 — 4 = 4. Therefore we have 


N 



4(2” - 1)(2"-1 - 1)(2”-2 _ 1 ) 
3 


□ 


Lemma 4.9. Assume that dim^^{F / p{F)) = n < 00 . Let {[b]F,V) be a fixed admissible pair. 
Then n > 3 and the number of admissible triples ([f’jf, V,W) is 2^"“^. 


Proof. Since there exists at least one admissible pair, namely ([&]f, R), we see that n >3. 

It is known that for a field £ of characteristic 2, then the maximal pro-2-quotient Gi (2) 
of the absolute Galois group of £ is free of rank dimp^ (£/p(£))- 

Let £ = F{p~^{V)). Then Ge{2) is a (closed) subgroup of index 4 in the free pro-2- 
group Gf(2) of rank n. Thus Ge(2) is also free and of rank 4n — 3. 

E F 

Consider the surjective homomorphism Tr: — 7 ^ —)• — 7 ^. We have 

P(E) p(F) 


ker(Tr)| = 


P(E) 


/ 


F 


P{F) 


_ 24«“3 _ 2fn—3 


Hence 

|{[ci]E: [Tr£/f(ci)]F = [b]F}\ = IkerTrl =23”-3. 

Therefore the number of W such that ([&]f, V, W) is admissible, is 2^”“^/8 = 2^”“^. □ 
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Corollary 4.10. Assume that dim][;^{F/p{F)) = n < oo. 


extensions L/F is 


( 2 ”- 1 )( 2 "- 1 - 1 )( 2 ”- 2 - 1)2 


)3w—4 


Then the number of Galois 1U4(F2)- 


In the next proposition we show in particular that for each natural number n there 
exist a field satisfying the hypothesis of the above corollary. 


Proposition 4.11. Let p a prime number. Then for each cardinal number C there exists afield 
K of characteristic p such that [K : p{K)] = C. 

Proof Consider any Fp-vector space V such that dim]Fp(y) isC. Letit^* = Hom(G,Q/Z) 
be the Pontrjagin dual of V. Then V* is a profinife (abelian) group. By HWall Theorem 
2] there exists a field F of characteristic p such that F admits a Galois extension L/F 
withGal(L/f) = V*. By Artin-Schreier theory we conclude that Homco«t(Z*,Fp) = 
H^(y*,Fp), which is isomorphic canonically with V via Pontrjagin duality, is isomor¬ 
phic to A/{p{F) ,where A is some subgroup of F containing p{F). Hence the F 2 - 
dimension oi A/p{F) is C. 

Now consider the maximal Galois extension K/F in the maximal p-extension F{p) of 
F such fhaf: {*) fhe natural map A/p{F) —> K/p{K) is an injection. 

Claim 1: Such an extension K/F exists. 

Proof: . Let S be the set of all fields exfension K over f in f (p) satisfying the condi¬ 
tion {*). Then S is not empty since it contains at least f. This set is partially ordered 
by set inclusion. We shall apply apply Zorn's lemma. We take a non-empty totally or¬ 
dered subset T of S. Lef K be the union of all fields Ki in T. Clearly K/F is a field 
extension and K C f(p). Consider the natural map Ap(i<C) —> K/p{K). Suppose 
that this map is not injective. Then A fl p{K) is strictly larger than p{F). However 
A n p(K) = Ux; 6 t(^ ^ Pi^i)). Thus there exists a field Kj G T such that A n p(Ki) is 
strictly larger than p{F). This implies that that the natural map A/ p{F) —^ Ki/p{Ki) 
is not injective, which contradicts the condition that Ki satisfies {*). Therefore the map 
Ap{K) —> fC/ p{K) is injective and K is in T. Clearly K is greater than every element in 
T. The Claim then follows from Zorn's lemma. 

Claim 2: The above injection A/ p{F) —)■ K/p{K) is an isomorphism. 

Proof: If the injection is not an isomorphism, then there exists an element u inK such 
that u ^ a mod p{K) for every a ^ A. We have A n (iu + p(K)) = 0 for every i = 
1,2..., p — 1. Lef T = K{6u). Then T is sfricfly larger than K and T C f (p). We have 


p-i 

Anp{T) = An{Knp{T)) = An[[J{iu + p{K)] 


/-O 


/I n p(K) 


p(F)- 


Anp(T) 

piF) 


We consider the natural map p: A/ p{F) —)• T/ p{T). Then ker(p) 
Thus f] is an injective. This contradicts the maximality of K. 


0 . 

□ 
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5. Example: The case f = Q 2 


In this section we illustrate our results by considering the case that the base field is 
the field Q 2 of 2-adic numbers. Here we provide a list of all unipotent Galois extensions 
L/Q 2 with Galois groups isomorphic to Un(F 2 ) for n > 2. This completes the work of 
Naito (IlNal) who listed all dihedral extensions of order 8 over Q 2 . The actual check¬ 
ing that our list is the complete list of all 1U„(F2)- Galois extensions of Q 2 still requires 
some work. However because it is a straightforward application of the theory of Galois 
unipotent extensions in our paper, we omit basic numerical verifications. The field Q 2 
has rather special role in Galois theory. Historically it attracted attention in work of De- 
mushkin, Labufe, Serre, Shafarevich and Weil. (See for example |lL ^ . llShal , IISe2l . llWeL ') 
Assume that F is Q 2 . Then we know that [—1], [2], [5] is a basis for the F 2 -vector 
space Q 2 / (Q 2 )^- (Here for simplicity, we denote [a] for the class of a in Q 2 /Q 2 •) The 
maximal abelian 2-elementary extension K of Q 2 is Q2('\/~l/ a/S)- 

Proposition 5.1. There are no Galois \Jn(F 2 )extensions over Q 2 for every n >5. 


Proof. Suppose that there is a Galois extension L/Q 2 with Galois group isomorphic to 
U„(F 2 ) for some n > 5. Then we have a surjective homorphism p: Galq^ lU„(Fp). 
The homomorphism 

^ = {pi2f ■ ■ ■>Pn-\,n) : G ^ Fp X • • • X Fp 

induced by the projection of U„(Fp) on ifs near-by diagonal is also surjective. Let N be 
the fixed field under the subgroup ker(^). Then K/Gh. is ari abelian 2-extension with 
Gal(fC/Q 2 ) — (Zi/2Z)”“^. This implies that N is contained in the maximal abelian 2- 
extension K of Q 2 . But this contradicts to the fact that [N : Q 2 ] = 2”“^ > 8 = [K : 
Q 2 ]. □ 


5.1. A list of U2(F2)-extensions of Q2. Here is a list of Galois U2(F2) = Zi/2Z exten¬ 
sions of Q 2 : Q 2 (v^), Q 2 W 2 ), Q2{V5), Q 2 (v^), Q 2 (v^), Q 2 (VlO), Q 2 (v^). 

5.2. A list of lU3(F2)-extensions of Q2. Here is a list of Galois 1 U 3 (F 2 ) = Dg extensions 
of Q 2 . Here a pair {[a], [b]} in the first column is an unordered admissible pair which 
we refer fo Theorem 13.41 Here we have 9 unordered admissible pairs { [a], [b]} and each 
gives rise to two further admissible pairs {{[a], [b] }, W). 

. {[-1],[2]}: Q2(Vi +V2,v/^),Q2(V 3T72,v/^ ); 

. {[-1],[5]}: Q2(V2^75,v^),Q2(^2(2 + Vi),v^); 

. {[-1],[10]}: Q2(yTT7T0,v^),Q2(v/3+7T0,y^); 

. {[- 2 ], [ 2 ]}: Q2(V72,v^),Q2(y37XV5^ 

• {[-5], [5]}: 02 (^ 4 + 71 , v^),Q2(^2(4+7^,v^); 

. {[-2], [-10]}: Q2( V-2 + y/^), Q2( V-6 + y/^, V^); 

. {[-io],[io]}:Q2(VTTo,Q2(VsTio,v^); 
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. {[-5],[-10]}:Q2(v/TT7^,v^),Q2(v/5+7^,v^); 

• {[-2],[-5]}:Q2(v/TT7^,v^),Q2(v/5T7^,v^). 


5.3. A list of U 4 (F 2 )-extensions of Q 2 . The number of admissible pairs {[b],V) is 4. 
We also have V is uniquely determined by [b], and {[b],V) is admissible if and only 
if [b] is in {[—1], [—2], [—5], [—10]}. Each admissible pair {[b],V) can be extended to 
four admissible triples {[b],V,W). Recall that K is the maximal abelian 2-elementary 
extension Q2(V“1/ V5) of Q 2 - Here is a list of Galois U 4 (F 2 )-extensions of Q 2 : 

• [b] = [- 1 ]: 


Li=K(\/l + V2,\/3 + VT0,\/4+V2 + VT0), 


L2 = KiJl + V2, 


1 + VW 4: + 3^/2 + ^/W, 


^ I 3 + V 2 li + VTo I 3 + V 2 , i + VTo. 


where = 1 + 2^ + 2^ + 2^ + • • • G Q 2 . 

• [b] = [-2]: 


L5 = K 
L6 = K 
L7 = K{ 
L8 = K{ 


2 ^ \l \/l |(2 + V ^ + V 


2^ \l + 3V^), W + ^^(2 + 3v/^)), 


-1(4+V2),JJ^(2+ v/^), J J^(4 + V2) + J^(2+V^)), 


^{4 + V2), 4 3v/^), + v/ 2) + ^^(2 + 3v/^)), 


where 


V-2/14 = 1 + 2^ + 2^ + 2^ + 2^ + • • • G Q 2 , 
V-2/94 = 1 + 2^ + 2^ + 2^ + 2^ + • • • G Q 2 . 



[b] = [-51: 
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(-1 + \ \/^(l + V^) + 


(5 + v^),Wa — (l + v^) + 


(-1 + v^), \ \ \ + v^) + 


— (-1 + v ^)), y y ^(5 + v^), v v^(-i + + 


where 


— = 1 + 2 + 2^ + 2^ + 26 + 2^ + 2^ + • • • G Q2, 

o 


= 1 + 2^ + 2^ + 2^ + 2^° + • • • G Q2, 


= 1 + 2 + 2^ + 2^ + 2^ + • • • G Q2. 


[b] = [-10]: 


(-1 + v^), \ \ (6 + V^) + \ ^(-1 + V^)) 


(5 + 3v^), \ \ (6 + v^) + \ -=7^(5 + 3v^)) 


(-1 + V^), \ \ ^(2 + v^) + \ ^(-1 + V^)) 


1 1 10 

/ / in /in 

VV 

7^(2 + 7=2) +y^(5 +3^=5)) 


1 + 2 + 2^ + 2^ + 2^ + 2 V • • • G Q2, 
1 + 2 + 2^ + 2^ + 2^ + 2^ + • • • G Q2, 


1 + 2 + 2^ + 2^ + 2^ + 2^2 + • • • G Oo. 
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